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Summary

Aim
To build models of dynamical systems using domain knowledge and
recorded (input-)output data.

Methods
Dynamical statistical models (state space models).
Bayesian andmaximum likelihood inference.
Computer intensive statistical simulation methods.

Contributions
Novel parameter inference algorithms.
Improved e�iciency of existing methods.
Generalised existing methods to newmodel classes.
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Motivating example: simulating the Swedish economy

Dynamic
stochastic
general
equilibrium.

circa 40 states.
circa 60 parameters.
12 outputs.

Image used with courtesy of LadyofHats@Wikipedia.
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Motivating example: simulating the Swedish economy
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Nonlinear state space model

Consider a nonlinear state space model

x0 ∼ µ(x0),

xt+1|xt ∼ fθ(xt+1|xt),
yt|xt ∼ gθ(yt|xt),

where θ ∈ Θ ⊂ Rd, xt ⊂ Rn and yt ⊂ Rm.

Inference: compute estimates of x0:T and θ given y1:T .
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Example: Earthquakes between 1900 and 2013
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Example: Earthquakes between 1900 and 2013
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Example: A simple model of annual earthquake counts

xt+1|xt ∼ N
(
xt+1;φxt,σ

2
)
,

yt|xt ∼ P
(
yt;β exp(xt)

)
,

where the parameters describe:

φ: persistence of intensity.
σ: standard deviation of innovation in intensity.
β: nominal number of annual earthquakes.

Task: Estimate θ = {φ,σ,β} and x0:T given y1:T .
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Bayesian parameter inference

Consider the parameter posterior

π(θ) = p(θ|y1:T ) =
pθ(y1:T )p(θ)

p(y1:T )
∝ pθ(y1:T )p(θ).

posterior = prior + information in data + model.
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Metropolis-Hastings algorithm
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Metropolis-Hastings algorithm

Propose Compute
acc. prob

Accept or
reject?

- Propose: θ′ ∼ q(θ′|θk).
- Compute acceptance probability:

α(θ′, θk) = min

{
1,
π(θ′)

π(θk)

q(θk|θ′)
q(θ′|θk)

}

- Accept or reject? θ′ → θk w.p. α(θ′, θk).
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Particle Metropolis-Hastings algorithm

Problem
We cannot compute pθ(y1:T ) in closed form.

Idea
Replace the likelihood with an unbiased estimate p̂θ(y1:T |u).

Implementation
Run a particle filter to estimate the likelihood and α(θ′′, θ′).

Exact approximations
Keeps the Markov chain invariant.
The marginal of the stationary distribution is π(θ).
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Particle Metropolis-Hastings algorithm (cont.)

Propose Compute
acc. prob

Accept or
reject?

- Propose: θ′ ∼ q(θ′|θk, uk).
- Compute p̂θ′(y1:T |uk) and the acceptance probability:

α(θ′, θk) = 1 ∧ p(θ′)

p(θk)

p̂θ′(y1:T |u′)
p̂θk(y1:T |uk)

q(θk|θ′, u′)
q(θ′|θk, uk)

.

- Accept or reject? θ′ → θk w.p. α(θ′, θk).
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Particle filtering

Resampling Propagation Weighting

Given the particle system (the random variables u)

u =
{
a
(i)
t , x̃

(i)
t , w

(i)
t

}N
i=1
,

the filtering density is approximated by an empirical distribution

p̂θ(dxt|y1:t) =

N∑
i=1

[
w

(i)
t∑N

k=1w
(k)
t

]
δ
x
(i)
t

(dxt).
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Likelihood estimator

L̂(θ) = p̂θ(y1:T |u) =
1

NT

T∏
t=1

N∑
i=1

w
(i)
t .

√
N
(
L(θ)− L̂(θ)

)
d−→ N

(
0, σ2

l

)
.

Error in the log−likelihood estimate

D
e

n
s
it
y

−1.0 −0.5 0.0 0.5 1.0

0
.0

0
.5

1
.0

1
.5

2
.0

−
0

.5
0

.0
0

.5

E
rr

o
r 

in
 t

h
e

 l
o

g
−

lik
e

lih
o

o
d

 e
s
ti
m

a
te

−3 −2 −1 0 1 2 3

−
0

.5
0

.0
0

.5

Theoretical Quantiles

S
a

m
p

le
 Q

u
a

n
ti
le

s

AUTOMATIC CONTROL
REGLERTEKNIK

LINKÖPINGS UNIVERSITET



Example: Parameter inference in earthquake model
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Example: Parameter inference in earthquake model
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State inference in the earthquake model

xt+1|xt ∼ N
(
xt+1;φxt,σ

2
)
,

yt|xt ∼ P
(
yt;β exp(xt)

)
,

with parameters:

φ = 0.88 (persistence.)
σ = 0.15 (sd. of innovation.)
β = 17.65 (nominal number.)
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Recap

Previous
Metropolis-Hastings.
Particle Metropolis-Hastings.
Likelihood estimation.
Inclusion of u′ in the proposal q(θ′′|θ′, u′). (Paper A)
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The proposal distribution

A typical Gaussian randomwalk proposal is given by

q(θ′′|θ′) = N
(
θ′′; θ′, ε2Id

)
,

where ε denotes the standard deviation of the randomwalk.
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Designing the first order proposal

The target distribution:

π(θ) ∝ pθ(y1:T )p(θ).

A noisy gradient-based ascent algorithm:

θ′′ = θ′ +
ε2

2
∇θ log π(θ)

∣∣
θ=θ′

+ εz, z ∼ N (z; 0, 1).

The first order proposal

q(θ′′|θ′, u′) = N
(
θ′′; θ′ +

ε2

2
Ŝ(θ′|u′), ε2Id

)
,

S(θ′)= ∇θ log π(θ)
∣∣
θ=θ′

.
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Designing the second order proposal

The target distribution:

π(θ) ∝ pθ(y1:T )p(θ).

A noisy Newton algorithm:

θ′′ = θ′ +
ε2

2

[
−∇2

θ log π(θ)
∣∣
θ=θ′

]−1 S(θ′) + ε
[
−∇2

θ log π(θ)
∣∣
θ=θ′

]−1/2
z.

This leads to the second order proposal

q(θ′′|θ′, u′) = N
(
θ′′; θ′ +

ε2

2
Ŝ(θ′|u′)

[
Ĵ (θ′|u′)

]−1
, ε2
[
Ĵ (θ′|u′)

]−1)
,

J (θ′)= −∇2
θ log pθ(y1:T )

∣∣
θ=θ′

.
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Example: Parameter inference in earthquake model
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Integrated autocorrelation time
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Integrated autocorrelation time (cont.)

IACT: the number of iterations between two uncorrelated samples
(lower is better).

Acceptance rate IACT(φ) IACT(σ)

PMH0 0.47 31.82 18.94
PMH1 0.38 21.38 12.06
PMH2 0.54 10.89 14.15
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Summary of Paper A

Contributions
Improved particle Metropolis-Hastings algorithm (Paper A).
Fast estimation of first and second order information (Paper A).

Methods
Include u into the proposal.
Particle fixed-lag smoothing.
Laplace approximation / Randomwalk on a Riemannmanifold.

Results
Linear computational cost.
Increased e�iciency (by a factor of 3).
Lower computational cost.
Simplified tuning by the Hessian information.
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Modelling volatility in Bitcoin returns

2
0
0

4
0
0

6
0
0

8
0
0

Date

D
a
ily

 E
U

R
/B

IT
 p

ri
c
e
s

sep okt nov dec jan feb mar apr maj

AUTOMATIC CONTROL
REGLERTEKNIK

LINKÖPINGS UNIVERSITET



Modelling volatility in Bitcoin returns
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α-stable distributions

x ∼ A(x;α,β,γ,η),

where the parameters describe:

α ∈ [0, 2]: stability.
β ∈ [−1, 1]: skewness.
γ ∈ R+: scale (spread).
η ∈ R: location.
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α-stable distributions
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Stochastic volatility with α-stable returns

xt+1|xt ∼ N
(
xt+1;φxt,σ

2
)
,

yt|xt ∼ A
(
yt;α, 0, exp(xt), 0

)
.

where the parameters describe:

φ: persistence of volatility.
σ: standard deviation of innovation in volatility.
α: stability.

Task: Estimate x0:T given y1:T (requires θ = {φ,σ,α}).
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Approximate Bayesian computations

Problem
We cannot evaluate gθ(yt|xt).

Idea
Data generated from st ∼ gθ(·|xt) should be similar to yt.

Implementation
Replace the gθ(yt|xt)withKε(st, yt).

Gives unbiased estimate of the likelihood
We canmake use of particle filtering and the particle
Metropolis-Hastings.
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Modelling volatility in Bitcoin returns
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Modelling volatility in Bitcoin returns

xt+1|xt ∼ N
(
xt+1;φxt,σ

2
)
,

yt|xt ∼ A
(
yt;α, 0, exp(xt), 0

)
,

with parameters:

φ = 0.965 (persistence.)
σ = 0.740 (sd. of innovation.)
α = 1.925 (stability.)
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Summary of Paper C

Contribution
Novel parameter inference method for models with intractable
likelihoods. (Paper C)

Methods
Bayesian optimisation with sequential Monte Carlo. (Paper B)
Sequential Monte Carlo with approximate Bayesian computations.

Results
Computational time 1.5 hours vs. 240 hours (parallel PMH).
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Conclusions

Particle Metropolis-Hastings
Metropolis-Hastings with unbiased estimator of the likelihood.

Sequential Monte Carlo
Estimation of log-likelihood, gradients and Hessians.

Approximate Bayesian computations
For inference in models with intractable likelihoods.

Applications
Dynamic stochastic general equilibrium, earthquake counts and
Bitcoin volatility.
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Future work

Particle Metropolis-Hastings and Hamiltonian Monte Carlo
Theory, parallel implementations, online methods and applications.

Bayesian optimisation
Method development, online methods and applications.

Approximate Bayesian computations
Combine with particle Metropolis-Hastings and Bayesian optimisation
for applications.

AUTOMATIC CONTROL
REGLERTEKNIK

LINKÖPINGS UNIVERSITET



Thank you for your attention!
Questions, comments and suggestions are most welcome.

The thesis and code to replicate the results within it are found at:

http://users.isy.liu.se/en/rt/johda87/.
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Particle Metropolis-Hastings algorithm

The target distribution is given by the parameter proposal

π(θ) =
pθ(y1:T )p(θ)

p(y1:T )
.

An unbiased estimator of the likelihood is given by

Em
[
p̂θ(y1:T |u)

]
=

∫
p̂θ(y1:T |u)mθ(u) du = pθ(y1:T ).

An extended target is given by

π(θ, u) =
p̂θ(y1:T |u)mθ(u)p(θ)

p(y1:T )
=
p̂θ(y1:T |u)mθ(u)π(θ)

pθ(y1:T )
.
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Particle Metropolis-Hastings algorithm (cont.)

∫
π(θ, u) du =

∫
p̂θ(y1:T |u)mθ(u)π(θ)

pθ(y1:T )
du

=
π(θ)

pθ(y1:T )

∫
p̂θ(y1:T |u)mθ(u) du︸ ︷︷ ︸

=pθ(y1:T )

,

= π(θ.

That is, the marginal is the desired target distribution and the
Markov chain is kept invariant.
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(bootstrap) Particle filtering

Resampling Propagation Weighting

- Resampling: P(a
(i)
t = j) = w̃

(j)
t−1 and set x̃

(i)
t−1 = x

a
(i)
t
t−1.

- Propagation: x(i)t ∼ Rθ
(
xt
∣∣x̃(i)t−1) = fθ(xt|x̃

(i)
t−1).

- Weighting: w(i)
t = Wθ

(
x
(i)
t , x̃

(i)
t−1

)
= gθ(yt|xt).
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Likelihood estimation using the APF

The likelihood for an SSM can be decomposed by

L(θ) = pθ(y1:T ) = pθ(y1)

T∏
t=2

pθ(yt|y1:t−1),

where the one-step ahead predictor can be computed by

pθ(yt|y1:t−1) =

∫
fθ(xt|xt−1)gθ(yt|xt)pθ(xt−1|y1:t−1) dxt

=

∫
Wθ(xt|xt−1)Rθ(xt|xt−1)pθ(xt−1|y1:t−1) dxt.

pθ(yt|y1:t−1) ≈
1

N

N∑
i=1

∫
Wθ(xt|xt−1)δx(i)t ,x̃

(i)
t−1

dxt =
1

N

N∑
i=1

w
(i)
t .
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Fixed-lag particle smoothing
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Fixed-lag particle smoothing (cont.)

Assume that

pθ(xt|y1:T ) ≈ pθ(xt|y1:κt), κt = min{T, t+ ∆},

for some 0 ≤ ∆ ≤ T . It follows that

p̂θ(xt−1:t|y1:T ) =

N∑
i=1

w̃(i)
κt δx̃(i)t−1:t,κt

(dxt−1:t)

which can be used to estimate the gradient and Hessian
information about the log-target.
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Score estimation using the FL smoother

The score can be estimated using Fisher’s identity given by

∇θ log pθ(y1:T )
∣∣
θ=θ′

=

∫
∇θ log pθ(x1:T , y1:T )pθ′(x1:T |y1:T )dx1:T

≈
∫
∇θ log pθ(x1:T , y1:T )p̂θ′(x1:T |y1:T )dx1:T

We also know that

∇θ log pθ(x1:T , y1:T ) =

T∑
t=1

[
∇θ log fθ(xt|xt−1) +∇θ log gθ(yt|xt)

]︸ ︷︷ ︸
,η(xt,xt−1)

,

which gives

∇θ log pθ(y1:T )
∣∣
θ=θ′
≈

T∑
t=1

N∑
i=1

w̃(i)
κt η(x̃

(i)
t−1,κt , x̃

(i)
t,κt).
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Mixing

Let ϕ(θ) denote a test function, then

√
M
[
ϕ̂MH − E[ϕ(θ)]

] d−→ N (0, σ2ϕ).

Here, σ2ϕ depends on the integrated autocorrelation time (IACT)

IACT(θ1:M ) = 1 + 2
∞∑
k=1

ρk(θ1:M ).
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