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Summary

Aim
To build models of dynamical systems using domain knowledge and
recorded (input-)output data.

Methods

Dynamical statistical models (state space models).
Bayesian and maximum likelihood inference.
Computer intensive statistical simulation methods.

Contributions

Novel parameter inference algorithms.
Improved efficiency of existing methods.
Generalised existing methods to new model classes.
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Motivating example: simulating the Swedish economy

Circulation in Macroeconomics
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Image used with courtesy of LadyofHats@Wikipedia.
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Motivating example: simulating the Swedish economy

g 7
E
=) o -
2>
g o
g b
S
L. ,
T T T T T T T T T T - T T T T T
1995 1997 1999 2001 2003 2005 2007 2009 2011 2013 2015 2017 2019 2021 2023
Date
© -
g o A
c
8
g Y
E
= ~ —
]
3
2
c o
<
o~ |
b

T T T T T T T T T T T T T T
1995 1997 1999 2001 2003 2005 2007 2009 2011 2013 2015 2017 2019 2021 2023

AUTOMATIC CONTROL
REGLERTEKNIK
LINKOPINGS UNIVERSITET

Date



Motivating example: simulating the Swedish economy
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Nonlinear state space model

Consider a nonlinear state space model

o ~ ,u(l'()),
Tep1|me ~ fo(xera|ze),

yt|~77t ~ ge(yt\mt),

where® € © c R%, z; c R* and iy C R™.

Inference: compute estimates of zo. and 6 given y1.7.

AUTOMATIC CONTROL
REGLERTEKNIK
LINKOPINGS UNIVERSITET



Example: Earthquakes between 1900 and 2013
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Example: Earthquakes between 1900 and 20
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Example: A simple model of annual earthquake counts

Tyy1|my ~ N<9Ut+1; pxy, 02),
Y|z ~ P(yt;ﬁexp(wt)),

where the parameters describe:

¢: persistence of intensity.
o: standard deviation of innovation in intensity.
3: nominal number of annual earthquakes.

Task: Estimate 0 = {¢, o, 3} and .7 given y1.7.
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Overview of the thesis
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Bayesian parameter inference

Consider the parameter posterior
: 0
m(0) = p(Olyr.1) = Po(r)p(0) o po(y1.7)p(0).
p(y1.1)

posterior = prior + information in data + model.
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ropolis-Hastings algorithm

~leration: 25|

0.4 0.5 0.6 0.7 0.8 0.9
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Metropolis-Hastings algorithm

Compute Accept or
— Propose > > ;
acc. prob reject?

—

- Propose: 8/ ~ q(6'|0)).
- Compute acceptance probability:

o) i 1 7 a0
= { 7 (00) 4010 }

- Accept or reject? ' — 0 w.p. (€', 6y).
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Particle Metropolis-Hastings algorithm

Problem
We cannot compute pg(y1.7) in closed form.

Idea
Replace the likelihood with an unbiased estimate py (y1.7|u).

Implementation
Run a particle filter to estimate the likelihood and (6", 8").

Exact approximations

Keeps the Markov chain invariant.
The marginal of the stationary distribution is 7 ().
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Particle Metropolis-Hastings algorithm (cont.)

Compute
acc. prob

v

- Propose: 6 ~ q(0'|0k, u1.).
- Compute py (y1.7|ui) and the acceptance probability:

9/) 1/7\6‘/(3/1~T’71//) q(0k|9’ u’)
& 9,79 =1A p( — . ) .
(¢:6) p(0%) Do, (y1.7|ur) q(0/10k, uk)

- Accept or reject? ' — 0 w.p. a(€’, 6).
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Particle filtering

Propagation

Resampling

WV
L4

Weighting

Given the particle system (the random variables )

o= s}

the filtering density is approximated by an empirical distribution

N (@)
~ w.
pe(dwt|y1;t) E [ﬁ] 1) (7.) (dwt)
Y w
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Likelihood estimator
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Example: Parameter inference in earthquake model
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State inference in the earthquake model

Number of major earthquakes

2
$t+1|wt NN(:BH-l; ¢€Et,0' ),

1900 1920 1940 1960 1980 2000 2020
Ye|zs ~ P(yt; Ié; exp(wt)),

Year

with parameters:

05
I

¢ = 0.88 (persistence.)
o = 0.15 (sd. of innovation.)
B = 17.65 (nominal number.)
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Previous

Metropolis-Hastings.

Particle Metropolis-Hastings.

Likelihood estimation.

Inclusion of «/" in the proposal q(6”'|6’, ). (Paper A)
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Overview of the thesis
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The proposal distribution

A typical Gaussian random walk proposal is given by
q(0"10) = N (0";6', 1),

where € denotes the standard deviation of the random walk.
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Designing the first order proposal

The target distribution:
7(0) o< po(y1.7)p(0).
A noisy gradient-based ascent algorithm:

2
0" =0+ %V@ logw(&)‘eze, +ez, z~N(z0,1).

The first order proposal
2 ~
q(0"10' )y =N (0"; 0 + 655(9’|u’), 621d) ,

S(0)= Vglogm(0) ’9:9,.
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Designing the second order proposal

The target distribution:

m(6) o< pa(y1.7)p(0).

A noisy Newton algorithm:

" ’ 62 ) -1 ! 2 —1/2
0" =60+ 5 [—Vg logﬂ-(e)‘g:g/] 8(0 ) te [_VG IOg 71'(9)'0:9,] z

This leads to the second order proposal
2 ~ A~ — -~ —
q0"0', ) =N (0"; 0 + 655(0/|u’) [\7(0'|u’)] 1, € [j(9’|u')] 1) ,

\7(9,): 7v§ logp@(yl:T)‘ezew
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Example: Parameter inference in earthquake model
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Integrated autocorrelation time
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Integrated autocorrelation time (cont.)

IACT: the number of iterations between two uncorrelated samples
(lower is better).

Acceptancerate IACT(¢) IACT(o)

PMHO 0.47 31.82 18.94
PMH1 0.38 21.38 12.06
PMH2 0.54 10.89 14.15
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Summary of Paper A

Contributions
Improved particle Metropolis-Hastings algorithm (Paper A).
Fast estimation of first and second order information (Paper A).
Methods

Include u into the proposal.
Particle fixed-lag smoothing.
Laplace approximation / Random walk on a Riemann manifold.

Results

Linear computational cost.

Increased efficiency (by a factor of 3).

Lower computational cost.

Simplified tuning by the Hessian information.
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Modelling volatility in Bitcoin returns
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Modelling volatility in Bitcoin returns
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«-stable distributions

x ~ A(z; o, 3,7, 1),
where the parameters describe:
a € [0, 2]: stability.
3 € [—1,1]: skewness.

~v € Ry : scale (spread).
1 € R: location.
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«-stable distributions
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Stochastic volatility with a-stable returns

Tip1]oe ~ N($t+1; Py, Uz);
yt’wt ~ A(yta o, 07 eXp(wt)v O) .

where the parameters describe:

¢: persistence of volatility.
o standard deviation of innovation in volatility.
o stability.

Task: Estimate .7 given y1.7 (requires 6 = {¢, o, a}).
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Approximate Bayesian computations

Problem
We cannot evaluate go (y¢|z+).

Idea

Data generated from s; ~ go(:|z+) should be similar to y;.
Implementation

Replace the gg (y:|x¢) with KCc(s¢, ye ).

Gives unbiased estimate of the likelihood

We can make use of particle filtering and the particle
Metropolis-Hastings.
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Modelling volatility in Bitcoin returns

30
L

10
1

=] [=] o
®

o
o

L N R B E—

0.90 0.92 094 096 098 1.00 04 05 06 07 08 09 1.0

o o a
Bitcoin OMXS30
¢ o « o) o «

Posterior mean 097 0.75 192 0.96 0.31 1.93
Posterior median  0.97 0.74 194 096 0.30 194
Posterior mode 098 0.72 199 097 0.22 194

AUTOMATIC CONTROL
REGLERTEKNIK
LINKOPINGS UNIVERSITET




Modelling volatility in Bitcoin returns

Daily log-returns
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Summary of Paper C

Contribution

Novel parameter inference method for models with intractable
likelihoods. (Paper C)

Methods

Bayesian optimisation with sequential Monte Carlo. (Paper B)
Sequential Monte Carlo with approximate Bayesian computations.

Results
Computational time 1.5 hours vs. 240 hours (parallel PMH).
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Conclusions

Particle Metropolis-Hastings
Metropolis-Hastings with unbiased estimator of the likelihood.

Sequential Monte Carlo
Estimation of log-likelihood, gradients and Hessians.

Approximate Bayesian computations
For inference in models with intractable likelihoods.

Applications
Dynamic stochastic general equilibrium, earthquake counts and
Bitcoin volatility.
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Future work

Particle Metropolis-Hastings and Hamiltonian Monte Carlo
Theory, parallel implementations, online methods and applications.
Bayesian optimisation
Method development, online methods and applications.

Approximate Bayesian computations

Combine with particle Metropolis-Hastings and Bayesian optimisation
for applications.
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Thank you for your attention!
Questions, comments and suggestions are most welcome.

The thesis and code to replicate the results within it are found at:

http://users.isy.liu.se/en/rt/johda87/.
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http://users.isy.liu.se/en/rt/johda87/

Particle Metropolis-Hastings algorithm

The target distribution is given by the parameter proposal

~ po(yrT)p(0)
m(6) = plyrr)

An unbiased estimator of the likelihood is given by

En [Do(y1.7|u)] = /ﬁo(yl;Tlu)me(U) du = pg(y1.7)-

An extended target is given by

7 (6, u) = Po(yr.r|u)me(u)p(8) _ Po(yr.r|u)me(u)m(0)
’ p(yrr) po(yr.1) '
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Particle Metropolis-Hastings algorithm (cont.)

/W(G,u) du = /ﬁe(yl:ﬂu)me(“)”(e) du

Po(y1:1)
() /A
-9 . du,
volont) Po(y1.7|u)me(u) 1f
:peél:T)
= (6.

That is, the marginal is the desired target distribution and the
Markov chain is kept invariant.
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(bootstrap) Particle filtering

—> Resampling ——>

. , : (i)
- Resampling: P(aff) =j) = {1715]—)1 and set Ez?ﬁ’_)l =zt .
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(bootstrap) Particle filtering

— Propagation—>

- Propagation: xf) ~ Ry (wtm?l) = fg(xtﬁﬁ)l).
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(bootstrap) Particle filtering

—> Weighting ——

- Weighting: wti) =Wy (mgi),ii?l) = go(ye|t).
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Likelihood estimation using the APF

The likelihood for an SSM can be decomposed by

T
L£(0) = po(yr.r) = po(y1) [ [ powelyrs—1),
t=2

where the one-step ahead predictor can be computed by

Po(Ye|yie—1) = /fe(fﬂt\wt—l)go(yt\l‘t)pe(wt—l|y1:t—1)dl‘t

= /Wo(ﬂft|$t—1)Re($t|$t—1)p0($t—1 |y1:t—1) daw;.

N N
1 1 (4)
pe(yt|y1:t—1) ~ N Z:ZI /Wg(xﬂxt—l)(sxgi)jgi)l da; = N izzlwt .
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Fixed-lag particle smoothing
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Fixed-lag particle smoothing (cont.)

Assume that

pe(xtlyl:T) ~ pG(xtlylzm), Rt = min{T7 t+ A}a

forsome (0 < A < T. It follows that

Do(Ti_1. O (dag—1.
Po(zi—1:|y1:1) = Zw 70, mt Ti—1:t)

which can be used to estimate the gradient and Hessian
information about the log-target.
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Score estimation using the FL smoother

The score can be estimated using Fisher’s identity given by

Vo 10gp0(y1:T)|9:9/ = /Vo log po(21.7, y1.1)per (1.7 |Y1:7)d21T

~ /Ve log po(x1.7, y1.7)Per (x1:7|y1.7)dX 1.

We also know that

T
Vologpg(z1.0,y1m) = Y [Volog fo(we|zs— 1) + Volog go(yilr)],
=1

~
Ln(2e,@i—1)

which gives
T

VQ 10gp0 (ylzT) |9:0/ ~ Z Z iD.gt) xrgl)l Kt gzl)ﬂ)t)

t=1 i=1
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Let () denote a test function, then

VM [Bun — Elp(9)] % N(0,02).

Here, ai depends on the integrated autocorrelation time (IACT)

o
IACT (B1:a) = 1+2 ) pr(Br:0)-
k=1
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