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Summary

Aim

Efficient Bayesian parameter inference in nonlinear SSMs.
Methods

Markov chain Monte Carlo.

Sequential Monte Carlo methods.
Contributions

Efficient estimation of first/second order information.
Inclusion of first/second order in the proposal.
PMH1 and PMH2.
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Example: Earthquakes between 1900 and 20
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Example: A simple model of annual earthquake counts

Tyyt|ae ~ N($t+1; by, 02),
(METRS 73<yt;/3exp(33t)>-

Task: Estimate 7(6) = p(0|y1.7) < po(y1.7)p(0) with @ = {¢p, o' }.
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Metropolis-Hastings algorithm

Compute Accept or
—> Propose > > .
acc. prob reject?

- Propose: 6" ~ q(0'|0k—1).
- Compute acceptance probability:

/ = min m(0") q(Ok-1]0")
alf,0x_1) = {1’ 7(Or—1) q(0'|0r—1) }

- Accept or reject? 0" — 0 w.p. a (6, 0_1).
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Particle Metropolis-Hastings algorithm (cont.)

Compute
— — e
acc. prob

- Propose: 0 ~ q(0'|0—1,1) and v' ~ PF(¢').
- Compute pyr (y1.7|u’) and the acceptance probability:

0)  po(yrrlu’)  qOr_1]0',0)
a0 =1 2O : )
) P(Or—1) Do, (1.7 ur—1) q(00p—1, up—1)

- Accept or reject? 0" — O and " — ;. w.p. (€, 0_1).
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Particle filtering

Resampling » Propagation s Weighting

Given the particle system (the random variables )
. . N
v={aldwll}
=1
we can obtain (consistent) estimates of:

- the likelihood py(y1.7)-
- thefirst and second order information of 7 ().
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Zeroth order proposal (PMHO0)

Gaussian random walk
0" =0 +ez, z~N(20,1).
gives the zeroth order (marginal) proposal

q(0"10', ") = N (030, € 1) -
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Example: Parameter inference in earthquake model
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Example: Parameter inference in earthquake model
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Example: State inference in the earthquake model
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Fixed-lag particle smoothing: overview

The first and second order information can be estimated using

u= {xgzzﬂ w%’}il’

and the fixed-lag particle smoother approximation,
ﬁé’ (dxt:t—l |y1:T) ~ 1/7\0 (dmt:t—l |y1:m)a Rt = min{T, t+ A},

with no additional computational complexity.
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Fixed-lag particle smoothing: motivation

AUTOMATIC CONTROL
REGLERTEKNIK
LINKOPINGS UNIVERSITET



First order proposal (PMH1)

Noisy gradient-based ascent update

2
9 =0 + %3(9’) tez, 2~ N(20,1),
with the first order information
S(0")= Vglog 7r(0)|6,:9,,

gives the first order proposal

2 —~
q(0"10', 0"y =N (0"; 0 + %8(9'\1/), ezId) :

AUTOMATIC CONTROL
REGLERTEKNIK
LINKOPINGS UNIVERSITET



Second order proposal (PMH2)

Noisy Newton update

2

0 =0 + %[j(a’)] TISO) + €e[T0)] VP2 2~ N(20,1),

with the second order information
j(el): —Vg log 7[-(9) ‘.9:9/7

gives the second order proposal

2 ~ ~ ~
O = N (8504 GSO1OITO10) L T010) ).
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Example: Parameter inference in earthquake model
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Integrated autocorrelation time
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Integrated autocorrelation time (cont.)

IACT: the number of iterations between two uncorrelated samples.

Acceptancerate maxIACT

PMHO 0.47 31.82
PMH1 0.38 21.38
PMH2 0.54 14.15

AUTOMATIC CONTROL
REGLERTEKNIK
LINKOPINGS UNIVERSITET



Conclusions

Results

Shorter burn-in phase.

Increased efficiency (about 2 times).

Simplified tuning.

Retained linear computational complexity in N.

Methods

Include w into the proposal.
Particle fixed-lag smoothing (almost for free).
Laplace approximation / Random walk on a Riemann manifold.

Future work

Non-reversible Markov chains.
Adaptive methods.
Approximate Bayesian computations.
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Thank you for your attention!
Questions, comments and suggestions are most welcome.

Further developments
Extended version available at arXiv.

The paper and code to replicate the results within it are found at:

http://work.johandahlin.com/.
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http://work.johandahlin.com/

Particle Metropolis-Hastings algorithm

The target distribution is given by the parameter proposal

~ po(yrT)p(0)
m(6) = plyrr)

An unbiased estimator of the likelihood is given by

En [Do(y1.7|u)] = /ﬁo(yl;Tlu)me(U) du = pg(y1.7)-

An extended target is given by

7 (6, u) = Po(yr.r|u)me(u)p(8) _ Po(yr.r|u)me(u)m(0)
’ p(yrr) po(yr.1) '
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Particle Metropolis-Hastings algorithm (cont.)

/W(G,u) du = /ﬁe(yl:ﬂu)me(“)”(e) du

po(y1.1)
= —7r(0) ) w)me(u) du
~ po(yrr) /p(’](ylzT| Jmal )dl’
:PGE?;LT)
= 7(6).

That is, the marginal is the desired target distribution and the
Markov chain is kept invariant.
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(bootstrap) Particle filtering

——{ Resampling »| Propagation Weighting

] ing: P(a® — 5y — @ ) _ ot
Resampling: P(a;,” = j) = w,”’, and setz,”, = z;* ;.

- Propagation: xf) ~ Ry (wt‘xtA) = f9($t|l‘t71).

- Weighting: w!” = W (:pf’,x?l) = go(yt|zt).
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Likelihood estimation using the APF

The likelihood for an SSM can be decomposed by

T
L£(0) = po(yr.r) = po(y1) [ [ powelyrs—1),
t=2

where the one-step ahead predictor can be computed by

Po(Ye|yie—1) = /fe(fﬂt\wt—l)go(yt\l‘t)pe(wt—l|y1:t—1)dl‘t

= /Wo(ﬂft|$t—1)Re($t|$t—1)p0($t—1 |y1:t—1) daw;.

N N
1 1 (4)
pe(yt|y1:t—1) ~ N Z:ZI /Wg(xﬂxt—l)(sxgi)jgi)l da; = N izzlwt .
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Fixed-lag particle smoothing (cont.)

Assume that

pe(xtlyl:T) ~ pG(xtlylzm), Rt = min{T7 t+ A}a

forsome (0 < A < T. It follows that

Do(Ti_1. O (dag—1.
Po(zi—1:|y1:1) = Zw 70, mt Ti—1:t)

which can be used to estimate the gradient and Hessian
information about the log-target.
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Score estimation using the FL smoother

The score can be estimated using Fisher’s identity given by

Vo 10gp0(y1:T)|9:9/ = /Vo log po(21.7, y1.1)per (1.7 |Y1:7)d21T

~ /Ve log po(x1.7, y1.7)Per (x1:7|y1.7)dX 1.

We also know that

T
Vologpg(z1.0,y1m) = Y [Volog fo(we|zs— 1) + Volog go(yilr)],
=1

~
Ln(2e,@i—1)

which gives
T

VQ 10gp0 (ylzT) |9:0/ ~ Z Z iD.gt) xrgl)l Kt gzl)ﬂ)t)

t=1 i=1
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Let () denote a test function, then

VM [Bun — Elp(9)] % N(0,02).

Here, ai depends on the integrated autocorrelation time (IACT)

o
IACT (B1:a) = 1+2 ) pr(Br:0)-
k=1
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