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Bayesian inference in one slide

π(θ) , p(θ|y) = p(y|θ)p(θ)
p(y)

,

π[ϕ] , Eπ

[
ϕ(θ)

]
=

∫
Θ
ϕ(θ)π(θ)dθ.



What are we going to do?

- Esধmate posterior distribuধons using Markov chains.

- Improve the standard choice to handle high-dimensional problems.

Why are we doing this?

- Standard choice gives inefficient sampling: slow or not working at all.

- Bayesian methods give uncertainty and valid esধmates for finite data.

Howwill we do this?

- Make use of gradient and Hessian informaধon.

- Esধmate the Hessian using quasi-Newton and least squares.



Exploring posteriors using Markov chains.



Exploring ”the lake”



Markov chains: staধonary distribuধon
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θk|θk−1 ∼ N
(
θk;µ+ φ(θk−1 − µ), σ2

)
.



Metropolis-Hasধngs: algorithm

Get samples from target π(θ) ∝ p(y|θ)p(θ) by iteraধng over k :

(i) Propose candidate parameter θ′ by

θ′ ∼ q(θ′|θk−1).

(ii) Accept θ′ by seষng θk ← θ′ with probability

min

{
1,

π(θ′)

π(θk−1)

}
,

otherwise reject θ′ by seষng θk ← θk−1.

Output: Samples {θk}Kk=1 from π(θ).



Metropolis-Hasধngs: toy example
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Metropolis-Hasধngs: toy example



Metropolis-Hasধngs: toy example



Metropolis-Hasধngs: proposal and mixing
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Metropolis-Hasধngs: proposal and mixing
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Construcধng efficient proposal distribuধons.



Gaussian randomwalk proposal

θ′|θk−1 ∼ N
(
θ′
∣∣θk−1,Σ

)
,



A second-order approximaধon

Second-order Taylor expansion of log-target

log π(θ +∆θ) ≈ log π(θ) +G(θ)>∆θ − 1

2
∆θ>H(θ)∆θ,

with the approximate gradient

∇ log π(θ +∆θ) ≈ G(θ)−H(θ)∆θ,

which by seষng to zero gives the search direcধon

∆θ = H(θ)G(θ).



Second-order Gaussian proposal

θ′|θk−1 ∼ N
(
θ′
∣∣θk−1 +

1

2
H(θk−1)G(θk−1), H(θk−1)

)
.



Hessian esধmaধon using quasi-Newton methods.



Hessian esধmates using quasi-Newton

BFGS H̄k = H̄k−1 +
sks

>
k

s>k yk
−

H̄k−1yky
>
k H̄k−1

y>k H̄k−1yk
,

SR1 H̄k = H̄k−1 +
(sk − H̄k−1yk)(sk − H̄k−1yk)

>

(sk − H̄k−1yk)>yk
,

sk , θk − θk−1, yk , G(θk)−G(θk−1).



Hessian esধmate using least squares

The quasi-Newton esধmate H̄(θ) is assumed to fulfill

G(θ +∆θ) = G(θ) + H̄(θ)∆θ,

which is called the secant condiধon. Introduce

Yk = [y2, . . . , yk], Sk = [s2, . . . , sk],

and compute a least squares esধmate of

Yk = H̄kSk.



Hessian approximaধon error

LS

BFGS

SR1



Numerical illustraধons.



Detecধng the Higgs boson

N = 11, 000, 000 events generated with binary observaধons

(detecধon/background) given p = 21 kinemaধc properধes.

Modelling the data by a logisধc regression model:

yt ∼ Bernoulli(pt), pt = logit

(
β0 +

p∑
i=1

βixit

)
.

where the parameters are θ = {β0, β1, . . . , β21}.

Big data seষng: sub-sampling methods are required.



Detecধng the Higgs boson, cont.

LS
Direct computations



Modelling Bitcoin prices
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Modelling Bitcoin prices

Modelling the data using a stochasধc volaধlity model:

xt+1|xt ∼ N
(
xt+1

∣∣µ+ φ(xt − µ) + ρσvyt exp(−xt), σ2
v

)
,

yt|xt ∼ N
(
yt
∣∣0, exp(xt))

where the parameters are θ = {µ, φ, σv, ρ, x0:T }.

Latent variables: parধcle smoothing is required.



Modelling Bitcoin prices, cont.

Particle smoothing using Louis
LS



What did we do?

- Employed a second-order approximaধon as a proposal.

- Esধmated the Hessian using quasi-Newton and least squares.

- Applied the approach to high-dimensional problems.

Why did we do this?

- Standard proposals does not scale well.

- Hessian esধmates are difficult to compute directly.

- Bayesian methods work on finite data and gives uncertainty bounds.

What are you going to do now?

- Remember that high-dimensional Bayesian inference can be possible.

- Read the paper and look at the code on GitHub.



New pre-print extending the idea

arXiv pre-print: 1806.09780.



Thank you for listening
Comments, suggesধons and/or quesধons?

Johan Dahlin
johan.dahlin@newcastle.edu.au
research.johandahlin.com

johan.dahlin@newcastle.edu.au
research.johandahlin.com


State-space models

· · · xt−1 xt xt+1 · · ·

· · · yt−1 yt yt+1 · · ·

x0 ∼ µθ(x0) xt+1|xt ∼ fθ(xt+1|xt), yt|xt ∼ gθ(yt|xt).

Linear Gaussian state-space model:

xt+1|xt ∼ N
(
xt+1;µ+ φ(xt − µ), σ2

v

)
, yt|xt ∼ N

(
yt;xt, σ

2
e

)
.



Noisy gradient ascent update

θk|θk−1 ∼ N
(
θk; θk−1 +

1

2
ΣG(θk−1),Σ

)
.



Logit funcধon

The logit funcধon is given by

logit(f(x)) =
1

1 + exp (−f(x))
and squeezes a real-valued number into the unit interval:
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