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Summary

Aim
Input design for nonlinear state space models.

Methods
Graph theory for input generation.
Sequential Monte Carlo methods.
Convex optimisation.
Contributions

Estimation of the expected information matrix.
Novel method for input design.
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Problem formulation

$t+1|$t,ut ~ fG(mt-l—l;xtaut)a

yt|56t,ut ~ ge(yt;xt,ut)-

Task: Design uj.,» as a stationary process with:
- finite memory,
- alphabet with finite cardinality.
such that it maximises the expected information

1(60) = K, , [sw)sw)ﬂ, S(6) = Vlog polys).
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We can express the probability mass function of u},,» as

pu(Wisp) & argmax h(Z(pu)),
pu€Pc

where p,, is a convex combination of the extreme points of P¢ and
h(-) : RP*P — R denotes a concave function.
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The optimal pmf has the expected information

ngy ny
T 23 az®(9), withaeRP, S ap21,
k=1 k=1
fork =1,...,np. The optimal weights are given by

a* = argmax h(J (7)).

[e%

AUTOMATIC CONTROL
REGLERTEKNIK
LINKOPINGS UNIVERSITET



Overview of the algorithm

(i) Create a realisation ugk% from each of the n;, basis inputs.

(k)

(i) Estimate the expected information matrix Z() for each u{")..

(iii) Compute the optimal weighting o* of the basis inputs.
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Overview of the algorithm

(i) Create a realisation ugk% from each of the n;, basis inputs.

Using graph theory, see Valenzuela et al. [2013].

(ii) Estimate the expected information matrix Z) for each u{").

Using particle filtering.

(iii) Compute the optimal weighting o* of the basis inputs.

Using convex optimisation, see Valenzuela et al. [2013].
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Estimating the expected information

The expected information can be estimated using

Z(0) = E,,., [5(9)3T(9)] )

The score function can be rewritten using Fisher’s identity as

S(0) = /V log po(zo.7, y1.7)pe(zo.7|y1.7) dzo.T,
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Estimating the expected information

The expected information can be estimated using

Z(0) = E,,., [5(9)3T(9)] )

The score function can be rewritten using Fisher’s identity as

T
S(0) = Z/ﬁe(l’t,$t—1)p9(xt—1:t|y1;T) dwi—1:,
t=1

oz, we—1) = Vog fo(wi|wi—1,ut—1) + V log go (ye|we, us).
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Particle filtering: overview

Resampling »| Propagation )  Weighting

. . . (1)
- Resampling: P(aiz) =j) = {Et(J_)l and set Ez?ﬁ’_)l =zt .
- Propagation: xgi) ~ f(,(xt\:zﬂl,ut,l).

- Weighting: wgi) =gy (yt|x§i),ut).
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Particle filtering: toy example
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Particle filtering: toy example
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Particle filtering: toy example
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Particle filtering: toy example
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Particle filtering: degeneracy
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Particle filtering: degeneracy
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Fixed-lag particle smoothing: motivation
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Fixed-lag particle smoothing: overview

Given the particle system

0.0}

=1
and the approximation given by
ﬁ@(dxt:t—ﬂyl:T) ~ ]/)\9 (dxt:t—llylznt),

where k; = min{7, t + A}, we can compute estimates of the score
function by a fixed-lag particle smoother.
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Computing the optimal weighting of basis inputs

During iteration m of the algorithm. For each input k = 1, ..., n:
- Generate a system output realisation using ugk%
- Compute L estimates of S(6).
- Estimate the observed information matrix

-/Z\m(e) = !

il

L
251(9)5;(9)
I=1

Solve the optimisation problem:

ary, = argmaxh(jm(oz)), with 7, () = Z oI (6).

e}
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Overview of the algorithm

(i) Create a realisation ugk% from each of the n;, basis inputs.

Using graph theory, see Valenzuela et al. [2013].

(ii) Estimate the expected information matrix Z) for each u{").

Using particle filtering.

(iii) Compute the optimal weighting o* of the basis inputs.

Using convex optimisation, see Valenzuela et al. [2013].
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Results: basis inputs

£ £ £ i
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Results: linear Gaussian model

Topr|we, up ~ N(Te41; P + ug, 02),

e|ze, we ~ N (yg; 2,0.12),

with true parameters 8 = {¢, o} = {0.5,0.1} and T' = 100.

Input | log det(Z) tr(Z-1)
Optimal (det) | 20.67(0.01)  1.51-107%(5.18-1077)
Optimal (tr) | 20.82(0.01)  1.32-10~4(4.45-1077)
Binary | 20.91(0.01) 1.21-10-4(4.51-107)
Uniform | 19.38(0.01)  5.32-10~%(2.12 - 10-9)
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Results: nonlinear model

T b, 0.7),

T |xe, up ~ N<xt+1; 0121 + ———
05 + Ty

1 2
yt‘l't,Ut ~ N(yt; 5(1315 + g.’l??, 0.12),

with true parameters & = {0.7,0.6} and 7" = 100.

Input | logdet(Z)
Optimal (det) | 25.34(0.01)
Binary 24.75(0.01)

Uniform 24.38(0.01)
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Results:

nonlinear model

Optimal input signal (u)
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Conclusions

Contributions
Improved parameter information compared with standard inputs.

Methods
Convex combination of basis inputs.

Fixed-lag particle smoothing and Fisher’s identity.
Monte Carlo estimators.

Future work

More efficient information matrix estimation (new paper).
Further evaluation of the proposed method.

Robust input design.

Bayesian input design.
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Thank you for your attention!
Questions, comments and suggestions are most welcome.

Two more presentations on nonlinear identification.
Thursday August, 28 at 10:00 in Brian Anderson.

The paper and more information are found at: http: //work. johandahlin.com/.

AUTOMATIC CONTROL
REGLERTEKNIK
LINKOPINGS UNIVERSITET


http://work.johandahlin.com/

Fixed-lag particle smoothing (cont.)

Assume that

pe(xtlyl:T) ~ pG(xtlylzm), Rt = min{T7 t+ A}a

forsome (0 < A < T. It follows that

Do(Ti_1. O (dag—1.
Po(zi—1:|y1:1) = Zw 70, mt Ti—1:t)

which can be used to estimate the gradient and Hessian
information about the log-target.
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Score estimation using the FL smoother

The score can be estimated using Fisher’s identity given by

Vo 10gp0(y1:T)|9:9/ = /Vo log po(21.7, y1.1)per (1.7 |Y1:7)d21T

~ /Ve log po(x1.7, y1.7)Per (x1:7|y1.7)dX 1.

We also know that

T
Vologpg(z1.0,y1m) = Y [Volog fo(we|zs— 1) + Volog go(yilr)],
=1

£¢(2t,T4—1)

which gives
T

v@ 10gp0 (ylzT) |9:9/ ~ Z Z 7:17,%) ggl)l Kt ~§Z/lt)

t=1 i=1
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